Received: May 22, 2000, Accepted: June 21, 2000

HYPER VERSION

ε^′_K/ε_K in the chiral limit^∗

Johan Bijnens

Department of Theoretical Physics 2, Lund University Sölvegatan 14A, S 22362 Lund, Sweden E-mail: bijnens@thep.lu.se

Joaquim Prades

Departamento de Física Teórica y del Cosmos, Universidad de Granada Campus de Fuente Nueva, E-18002 Granada, Spain E-mail: prades@ugr.es

Abstract: The K → ππ system is analyzed in the chiral limit within the Standard Model. We discuss how to connect the short-distance running in the |ΔS| = 1 case to the matrix-elements calculated in a low-energy approximation in a scheme-independent fashion. We calculate this correction and the resulting Wilson Coefficients. The matrix elements are calculated to next-to-leading order in the 1/N_c expansion and combined with the Wilson coefficients to calculate the two isospin amplitudes and ε^′_K . The ΔI = 1/2 rule is reproduced within expected errors and we obtain a substantially larger value for ε^′_K /ε_K than most other analysises. We discuss the reasons for this difference. We also suggest that the X-boson method is an option for lattice QCD calculations.

Keywords: 1/N Expansion, Weak Decays, Kaon Physics, CP-violation.

∗Partially supported by the European Union TMR Network EURODAPHNE (Contract No. ERBFMX-CT98-0169).

Contents

1. Introduction 1

2. Chiral perturbation theory lagrangian 4

3. Short-distance 5

4. Long-distance 9

5. Numerical input 11

6. Results for G_8, G_{27} and G_E 12

7. B-parameters in the NDR scheme 13

8. Results for ε_K and ε^′_K to lowest order 18

9. Discussion and corrections 19

A. Scheme dependence 21

1. Introduction

The study of CP-violation took a major step forward in 1999 with the first direct evidence by two independent experiments for direct CP-violation [1] corroborating the earlier NA31 result. The average of the two experiments | | | ε^′_K ε_K | | | exp = (1.92 ± 0.46) · 10^{−3} . (1.1)

is higher than the standard calculations obtained [2, 3] and this has caused claims for physics beyond the Standard Model, see e.g. [4]. The purpose of this paper is to calculate this quantity within our earlier proposed method and see whether the above number can be reached or not. Other opinions critical of this claim are expressed in [5].

CP-violation was first observed in the sixties and was then shown to proceed only via K^0-K^0 mixing. This is called indirect CP-violation and is described by the parameter ε_K ε_K =

A [K_L → (ππ)_{I=0}] A [K_S → (ππ)_{I=0}]

. (1.2)

In addition there is also direct CP-violation in the decay-amplitude possible in K → ππ decays. This is parameterized by

ε^′_K = 1 √ 2 [ A [K_L → (ππ)_{I=2}] A [K_S → (ππ)_{I=0}] − A [K_L → (ππ)_{I=0}] A [K_S → (ππ)_{I=0}]

A [K_S → (ππ)_{I=2}] A [K_S → (ππ)_{I=0}] ] . (1.3)

Combining both definitions the ratio is directly accessible from ε^′_K ε_K = 1 √ 2 [ A [K_L → (ππ)_{I=2}] A [K_L → (ππ)_{I=0}] − A [K_S → (ππ)_{I=2}] A [K_S → (ππ)_{I=0}] ] . (1.4)

This last formula is the basis for the double-ratio method used in the actual experiments [1].

Theoretical calculations of ε^′_K /ε_K basically reduce to calculating the K → ππ amplitudes. This is in the Standard Model a several step process, see section 3 and e.g. the lectures of [6] for more details. First the heavy particles, top, Z and W , are integrated out, resulting in an effective action in terms of four-quark operators. Then the renormalization group evolution equations are used to bring the coefficients in this effective action down to a hadronic scale thus resumming large logarithms containing heavy masses. This part has been performed including gluonic and electroweak Penguin-diagrams to one-loop in [7] and to two-loops in [8].

This has then been used with matrix-elements from the lattice and from the first 1/N_c-methods [9] to calculate ε^′_K /ε_K in [2]. We will not comment further on the lattice calculations. A recent suggestion about their calculation and more references can be found in [10]. We will concentrate on the 1/N_c method of calculating the matrix-elements.

The 1/N_c-method was first proposed in [9] after it was noticed that using large N_c instead of vacuum-insertion-approximation for the matrix elements gave a significant improvement for the ΔI = 1/2 rule. They simply identified the cut-off in mesonloops with the scale in the renormalization group. A better way to provide this identification was given in [11, 12] by using colour-singlet bosons to provide the identification of scales. To one-loop it was proven in [12] that this procedure gives the correct matching. The work of [13] is essentially the continuation of [9] using this identification directly with the output of the renormalization group.

Our work has concentrated on two more improvements. We realized that our method of using colour-singlet bosons, hereafter referred to as the X-boson method, allowed both a solution to the scale-identification and to the scheme-dependence that appears at two-loops in the renormalization group. This was argued in [14] where we used available results to include part of the needed correction. We proved this explicitly in the case of B_K in [15] and below for the |ΔS = 1| case. The other improvement we have included is the use of the ENJL model for the couplings of the X-bosons to improve on the high-energy behaviour. For B_K this can be done directly and we presented results including all quark-mass corrections in [12, 15].

For K → ππ decays this produced too unwieldy calculations and we use instead the method of [16] to reduce the calculation to off-shell two-point functions. Results for the operators Q_1 to Q_6 in the chiral limit were presented in [14] and in the same limit for Q_7 to Q_{10} below.

Related work, concentrating on a more QCD inspired improvement of the Xcouplings is ref. [17]. We regard this method as very promising but it has not yet reached the stage where results for the quantities considered here are possible.

An approach where no attempt at precisely identifying the scales in the matrixelement and the short-distance running is done is the chiral quark model approach of [18]. On the other hand this series of papers has attempted to include several effects neglected by the standard analysises [2] by systematically going to p^4 and thus provided an indication that the errors in [2] were severely underestimated.

Another approach to determining the non-leptonic matrix-elements is to use QCD sum rules to calculate more inclusive quantities and then relate those to the matrix-elements. Examples of this approach are [19].

As discussed in [12] for the case of the B_K parameter, a general problem with this method is the existence of operators in the CHPT description that contribute to the inclusive quantities but not to the decays K → ππ. The reason is that the so-called spurion-fields have now non-vanishing derivatives.^1

We would like to stress that our method basically reproduces the ΔI = 1/2 rule, has no free input parameters as several other models have and includes a correct scheme and scale identification at all stages. As will become obvious, we also reproduce the value of ε^′_K /ε_K within the uncertainty of our approach.

Our X-boson method can be used in general and is not restricted to 1/N_c. e.g. by adapting the method of [20] to use X-bosons instead of photons it might provide an alternative lattice QCD method to calculate K → ππ on the lattice.

In the next section we introduce the basic notation used to describe K → ππ decays to lowest order in Chiral Perturbation Theory (CHPT). Section 3 describes the X-boson method and calculates the corrections needed to identify the scales in QCD and the low-energy model used. The main result is presented in the appendix. Section 4 presents the calculation in 1/N_c using CHPT and the ENJL model for the X-boson couplings for the electroweak Penguin operators. The numerical input used is summarized in section 5. The results from the previous sections and the matrixelements of [14] are then combined to calculate the parameters in the CHPT ΔS = 1 lagrangian in section 6 and presented using the more standard bag parameters, B_i in section 7. The next section contains the calculation of ε^′_K and briefly of ε_K as well. The last section discusses the result for ε^′_K /ε_K and adds the two corrections which are expected to dominate.

1In the notation of section 2 an example of an extra octet term is tr(Δ_{32}u_μ) tr(∇^μ(Δ_{11} + Δ_{22} + Δ_{33})).

2. Chiral perturbation theory lagrangian

We use the standard Chiral Perturbation Theory (CHPT) counting with p a momentum, energy or meson-mass and e the electromagnetic coupling constant e = √ 4πα. The lowest-order strong and electromagnetic lagrangian is given by

L^{(2)} =

F^2_0 4 tr (u_μ u^μ + χ_+) + e^2 C̃_2 tr ( QUQU^† ) (2.1)

with U = u^2 = exp(λ^aπ^a/F_0) and u_μ = iu^†D_μUu^†. λ^a are the Gell-Mann matrices and the π^a are the pseudoscalar-mesons π, K and η. Q = diag(2/3, −1/3, −1/3) is the light-quark-charge matrix and χ_+ = u^†χu^† + uχ^†u. χ = 2B_0 diag(m_u, m_d, m_s) collects the light-quark masses. To this order F_0 = F_π is the pion decay coupling constant. An introduction to CHPT can be found in the lectures [21].

To order e^0p^2 and e^2p^0, the chiral lagrangian describing |ΔS| = 1 transitions is given by

L^{(2)}_{|ΔS|=1} = C F^6_0 e^2 G_E tr ( Δ_{32}Q̃ ) + CF^4_0 [ G_8 tr (Δ_{32}u_μ u^μ) + G^′_8 tr (Δ_{32}χ_+) + (2.2)

+ G_{27} t^{ij,kl} tr (Δ_{ij} U_μ) tr (Δ_{kl}u^μ) ] + h.c.

with Δ_{ij} = uλ_{ij}u^†, (λ_{ij} )_{ab} = δ_{ia} δ_{jb}, Q̃ = u^†Qu; C = − 3 5 G_F √ 2 V_{ud}V^∗_{us} ≈ −1.06 · 10^{−6} GeV^{−2} . (2.3)

The SU(3) × SU(3) tensor t^{ij,kl} can be found in [16].

The K → ππ invariant amplitudes can be decomposed into definite isospin quantum numbers amplitudes as [A ≡ −iT ] A [ K_S → π^0π^0 ] ≡ √ 2 3 A_0 − 2 √ 3 A_2 , A [ K_S → π^+π^− ] ≡ √ 2 3 A_0 + 1 √ 3 A_2 , A [ K^+ → π^+π^0 ] ≡ √ 3 2 A_2 , (2.4)

where K_S ≃ K^0_1 + ε_K K^0_2 ; K^0_{1(2)} ≡ (K^0 − (+)K^0)/ √ 2 and CP(K^0_{1(2)}) = +(−)K^0_{1(2)}.

The final state interaction phases δ_0 and δ_2 are included into the amplitudes A_0 and A_2 as follows:

A_0 ≡ −i a_0 e^{iδ0} for the isospin 1/2 amplitude ;

A_2 ≡ −i a_2 e^{iδ2} for the isospin 3/2 amplitude . (2.5)

Using the lagrangian of eq. (2.2) we obtain

a_0 = √ 6 9 CF_0 [ (9 G_8 + G_{27}) ( m^2_K − m^2_π ) − 6 e^2 G_E F^2_0 ] , a_2 = √ 3 9 CF_0 [ 10 G_{27} ( m^2_K − m^2_π ) − 6 e^2 G_E F^2_0 ] . (2.6)

In the presence of CP-violation the couplings G_8, G_{27} and G_E get an imaginary part. In the Standard Model, Im G_{27} vanishes and Im G_8 and Im G_E are proportional to Im τ with τ ≡ −λ_t/λ_u and λ_i ≡ V_{id}V^∗_{is}.

3. Short-distance

In section 4 we will calculate the long-distance contributions in the X-boson scheme. This scheme requires only the matching of currents between the low-energy model/theory and the short-distance QCD calculations. This way the scheme- and scale-dependence inherent in most of the other calculations is consistently avoided. This scheme has been shown to one-loop to reproduce the correct matching [12] and was argued to work to all orders in [14]. The precise proof to two-loops was done in [15] for the case of the B_K -parameter. Exactly the same calculation can be performed for the |ΔS = 1| case. There is no new problem but in practice the calculation is much longer because there are now ten operators instead of one. Penguin diagrams need to be taken into account and photonic loops as well as gluonic ones have to be considered. We will therefore present fewer explicit expressions than in [15].

We start from the effective action that is the output of the renormalization group running at two-loops which is given by

Γeff = − G_F √ 2 V_{ud}V^∗_{us} ∫ d^4x ∑ i=1,10 C_i Q_i(x) , (3.1)

with C_i = z_i + y_iτ and

Q_1 = (s̄_α γ_μ u_β)_L (ū_β γ^μ d_α)_L , Q_2 = (s̄_α γ_μ u_α)_L (ū_β γ^μ d_β)_L , Q_3 = (s̄_α γ_μ d_α)_L ∑ q=u,d,s (q̄_β γ^μ q_β)_L , Q_4 = (s̄_α γ_μ d_β)_L ∑ q=u,d,s (q̄_β γ^μ q_α)_L ,

Q_5 = (s̄_α γ_μ d_α)_L ∑ q=u,d,s (q̄_β γ^μ q_β)_R , Q_6 = (s̄_α γ_μ d_β)_L ∑ q=u,d,s (q̄_β γ^μ q_α)_R ,

Q_7 = (s̄_α γ_μ d_α)_L ∑ q=u,d,s 3 2 e_q (q̄_β γ^μ q_β)_R , Q_8 = (s̄_α γ_μ d_β)_L ∑ q=u,d,s 3 2 e_q (q̄_β γ^μ q_α)_R ,

Q_9 = (s̄_α γ_μ d_α)_L ∑ q=u,d,s 3 2 e_q (q̄_β γ^μ q_β)_L , Q_{10} = (s̄_α γ_μ d_β)_L ∑ q=u,d,s 3 2 e_q (q̄_β γ^μ q_α)_L

(3.2) with (q̄γ_μq^′)_{(L,R)} = q̄γ_μ(1 ∓ γ_5)q^′; α and β are colour indices.

The Wilson coefficients C_i(μ_R) are dependent on the scheme chosen for γ_5, the choice of evanescent operators, the scale μ_R in the renormalization group as well as other scheme choices like the choice of infrared regulators. All of them have to be consistently treated when calculating matrix elements in order to reach a physical result. Reviews of this can be found in [3] and [6]. The main original references are [8]. We have chosen two slightly different implementations of the running, both in the NDR scheme. One where we linearize fully the NLO part, this way all divergences appearing in the expressions can be analytically resolved^2 and the scheme dependence is canceled exactly except for effects of order α_S (m_c)^2. The other implementation is where we exactly solve the two-loop evolution equations for the C_i(μ_R). In this case the scheme-dependence is only canceled to order α_S(μ_R)^2. We regard the difference between these two as a rough estimate of the uncertainty due to higher order corrections in α_S (μ_R).

The next step is now to replace the effective action (3.1) by another equivalent effective action in D = 4 where the quarks only appear in vector, axial-vector currents and scalar or pseudoscalar densities. These we know how to hadronize. Specifically we replace eq. (3.1) by

ΓX = g_1X^μ_1 ( (s̄ γ_μ d)_L + (ū γ_μ u)_L ) + g_2 X^μ_2 ( (s̄ γ_μ u)_L + (ū γ_μ d)_L ) + + g_3 X^μ_3 ( (s̄ γ_μ d)_L + ∑ q=u,d,s (q̄ γ_μ q)_L ) + g_4 ∑ q=u,d,s X^μ_{q,4} ( (s̄ γ_μ q)_L + (q̄γ_μq)_L ) +

+ g_5 X^μ_5 ( (s̄ γ_μ d)_L + ∑ q=u,d,s (q̄ γ_μ q)_R ) + g_6 ∑ q=u,d,s X_{q,6} ( (s̄ q)_L + (−2)(q̄ d)_R ) +

+ g_7 X^μ_7 ( (s̄ γ_μ d)_L + ∑ q=u,d,s 3 2 e_q (q̄ γ_μ q)_R ) + + g_8 ∑ q=u,d,s X_{q,8} ( (s̄ q)_L + (−2) 3 2 e_q (q̄ d)_R ) +

+ g_9 X^μ_9 ( (s̄ γ_μ d)_L + ∑ q=u,d,s 3 2 e_q (q̄ γ_μ q)_L ) + + g_{10} ∑ q=u,d,s X^μ_{q,10} ( (s̄ γ_μ q)_L + 3 2 e_q (q̄ γ_μ q)_L ) . (3.3)

Here all colour sums are performed implicitly inside the brackets and (q̄q^′)_{(L,R)} = q̄(1 ∓ γ_5)q^′.

For simplicity we choose all X-bosons to have the same mass. We now determine the couplings g_i as a function of the C_i by taking matrix elements of both sides

2Note that in none of the papers of [8] all necessary formulae were given, we have worked them out ourselves.

between quark and gluon external states, labelled by ψ and ψ^′ and require ⟨ψ^′| e^{iΓeff} |ψ⟩ = ⟨ψ^′| e^{iΓX} |ψ⟩ + O ( 1 M^4_X ) . (3.4)

Both the left- and right-hand side can be written in terms of the tree level matrixelements of the Q_i between the states ψ, ψ^′. Leading to ∑ j [ δ_{ij} + α_s(μ_R) π ( γ_{ij} log m μ_R + r_{ij} + F_{ij} ( m^2, ψ, ψ^′ ) ) + + α π ( γ^e_{ij} log m μ_R + r^e_{ij} + F^e_{ij} ( m^2, ψ, ψ^′ ))] C_j(μ_R) = (3.5) = ∑ j [ δ_{ij} + α_s(μ_C ) π ( (γ_{ij} − γ̃_{ij}) log m M_X + γ̃_{ij} log m μ_C + r̃_{ij} + F_{ij} ( m^2, ψ, ψ^′ ) ) + + α π ( ( γ^e_{ij} − γ̃^e_{ij} ) log m M_X + γ̃^e_{ij} log m μ_C + r̃^e_{ij} + F^e_{ij} ( m^2, ψ, ψ^′ ) )] g_j (μ_C )^2 M^2_X . The parameter m is some IR regulator. For conserved currents γ̃_{ij} = 0 and there are no logarithms of the scale μ_C . For non-conserved currents or densities γ̃_{ij} can be related directly to their anomalous dimensions.

The infrared sensitive parts are in the functions F_{ij} and in F^e_{ij} and are identical on both sides. We have checked this explicitly for a set of states similar to the one chosen in [15]. The resulting formulas are very long and only reinforce the argument for complete infrared ambiguity cancellation. Notice that the matrices γ_{ij} and γ^e_{ij} are one-loop anomalous dimension matrices of the set of four-quark operators (3.2) [7]. The left-hand side is thus completely scheme-independent to order α^2_S . The schemedependence of the C_j(μ_R) is canceled by the scheme-dependence of the constants r_{ij} and r^e_{ij} . The right-hand side is similarly scale-independent

From eq. (3.5) we can now obtain

g_i(μ_C )^2 M^2_X = ∑ j [ δ_{ij} + α_s(μ_C ) π ( γ_{ij} log M_X μ_R + γ̃_{ij} log μ_C M_X + r_{ij} − r̃_{ij} ) + + α π ( γ^e_{ij} log M_X μ_R + γ̃^e_{ij} log μ_C M_X + r^e_{ij} − r̃^e_{ij} ) + + O ( α_S (μ_R) − α_S (μ_C ) )] C_j (μ_R) . (3.6)

The X-boson couplings are now completely scheme- and scale-independent and the large logarithms of M_W are resummed and included in the values of the couplings g_i. The explicit expressions for the differences r_{ij} − r̃_{ij} and r^e_{ij} − r̃^e_{ij} are given in appendix A.

We have not used any large N_c arguments up to this point. Now we need to calculate the matrix-elements of X-boson exchange between hadronic external states.

As described in more detail in [15] and references therein, we do this by rotating the integral over the X-boson momenta into euclidean space and splitting it into twoparts separated by an euclidean cut-off μ.

The large momentum part of this integral [between μ and ∞] can be simply calculated. The large X-boson momentum must flow back via quark- or gluon-lines and can be calculated perturbatively. The part where the momentum flow-back is through the hadronic wave-functions is suppressed by 1/μ^2 and can be neglected. Precisely as described in [15] the result is proportional to α_S(μ) and is thus suppressed by 1/N_c compared to the tree-level matrix elements or it is down by an extra factor of α and reads

⟨out|X_j-exchange|in⟩^{Short}-^{distance} = ∑ i [ α_S (μ) π (γ_{ij} − γ̃_{ij}) + α π ( γ^e_{ij} − γ̃^e_{ij} ) ] × (3.7)

× log M_X μ ⟨out|X_i-exchange|in⟩_{Leading 1/Nc} .

This part of the integration can thus be included by replacing in eq. (3.6) everywhere log M_X by log μ leading to ( g_i(μ_C , μ)^2 M^2_X ) eff = ∑ j [ δ_{ij} + α_s(μ_C ) π ( γ_{ij} log μ μ_R + γ̃_{ij} log μ_C μ + r_{ij} − r̃_{ij} ) + + α π ( γ^e_{ij} log μ μ_R + γ̃^e_{ij} log μ_C μ + r^e_{ij} − r̃^e_{ij} ) + + O ( α_S (μ_R) − α_S (μ_C ) )] C_j (μ_R) . (3.8)

It is obvious from this that the final answer for the decays will not depend on the artificial choice of the mass M_X .

The low-energy part of the integral [between 0 and μ] over the X-boson momenta must now be performed in a particular low-energy approximation. We must therefore identify correctly the vector, axial-vector currents and scalar and pseudoscalar densities appearing in eq. (3.3) in the low-energy model. This is no problem for the vector and axial-vector currents since they are currents from a conserved symmetry. For the scalar and pseudoscalar densities the situation is somewhat more uncertain. There is remaining dependence on log μ_C from the terms with γ̃_{ij} and γ̃^e_{ij}. The scale μ_C is the one at which currents and densities in QCD and in the low-energy model (CHPT and/or ENJL) are matched. We stress again that this problem of matching of the (pseudo)scalar densities to the low-energy model, though uncertain, is a much more tractable problem than the original matching of the four-quark operators of eq. (3.1) directly. Practically, we do this matching when substituting the CHPT or ENJL quark-condensate by the QCD value at μ_C ≃ 1 GeV. For other scales we run the quark density with its QCD anomalous dimension.

4. Long-distance

As described before in [12, 14] we can calculate the very low-energy part using CHPT to lowest order for the X-boson couplings.^3 For the intermediate energy region one can use hadronic models for the X-boson couplings. They must have the correct chiral symmetry and reproduce at very low energy the model-independent CHPT results. Here we will use the ENJL model. As we noted earlier in [14, 15] this provides a substantial improvement over using lowest-order CHPT X-boson couplings. It brings in no new undetermined parameters, describes a fairly wide range of lowenergy hadronic phenomena [22] and satisfies some short-distance constraints from QCD as well [23].

The contributions to order e^0p^2 were already worked out in [14]. We now add the results relevant to order e^2p^0. They can be calculated using our earlier methods, a well-defined off-shell K-π Green function [16], or with a reduction method as was used in [17]. The comparison between both and a more extensive discussion of the results in this section will be presented elsewhere [24].

Via the strong interaction, the coupling G_E F^6_0 gets contributions only from Q_7 and Q_8. This result follows simply from the fact that gluonic exchanges cannot change the chiral properties of an operator and only Q_7 and Q_8 are 8_L × 8_R under chiral symmetry. However, if long-distance photonic (or other electroweak) effects are included the other operators can contribute. This is extremely important for the real part of this coupling where Q_1 and Q_2 contribute and have much larger coefficients than the others. In the imaginary part of e^2G_E, the main other operator is Q_6 which has a coefficient such that long-distance photonic effects in its matrix-elements have a smaller effect on Im G_E. Our approximation corresponds to including photonic-electroweak effects at a scale from μ to ∞ and neglecting the photonic contribution only from 0 to μ. We expect this as explained above to be a reasonable approximation for the imaginary part of e^2G_E and not for the real part. Notice that Re e^2G_E contributes only to CP conserving transitions and is a small effect.

The Wilson coefficient C_7 is order 1 in 1/N_c and C_8 is order 1/N_c. The leading in 1/N_c contribution to the matrix element of Q_8 comes from the two diagrams in figure 1 and is of order N^2_c . Using quark-loop diagrams one can prove modelindependently [24] that in the chiral limit the next-to-leading order in 1/N_c vanishes to all orders in X-boson couplings. The non-factorizable contributions from Q_8 thus only start at order e^2p^2 and do not contribute to G_E. This contribution leads to G_E F^6_0 of order N_c.

3Note that we use lowest-order CHPT in two different meanings. Lowest order in CHPT in the couplings in the lagrangian of eq. (2.2) and lowest order in CHPT in the X-boson couplings which are used to calculate the coefficients in eq. (2.2).

Figure 1: The lowest order, e^2p^0, diagrams for the contributions from Q_8. ⨂ is an insertion of the pseudo-scalar currents. The dashed line is an X-boson and the dots are the X-boson-pseudoscalar couplings. Full lines are pseudo-scalar propagators.

Figure 2: The lowest order, e^2p^0, diagrams for the contributions from Q_7 but next-to-leading in 1/N_c. Notation is as in figure 1.

The leading contribution in 1/N_c from Q_7 is factorizable but is only of order e^2p^2. The next-to-leading contribution in 1/N_c contributes to order e^2p^0 at order N_c to the matrix-element and leads again to G_E F^6_0 of order N_c. The N_c counting presented here is scheme-independent.

We can now calculate the leading contributions using lowest-order CHPT for the X-boson couplings and obtain

e^2 G_E [Q_8] = −5

B^2_0 (μ) F^2_0

C_8(μ) = −5 ⟨0| q q |0⟩^2(μ) F^6_0

C_8(μ) , (4.1)

where the Wilson coefficient is the one appropriate for our X-boson scheme as discussed in section 3 and ⟨0|qq|0⟩(μ) ≡ −F^2_0 B_0(μ) is the quark condensate in the chiral limit. There are also O(e^2) contributions from Q_8 to G_8 and G_{27}.

The calculations from the diagrams in figure 2 lead to

e^2 G_E [Q_7] = − 15 2 μ^4 16 π^2F^4_0

C_7(μ) . (4.2)

Both results in eqs. (4.1) and (4.2) agree with those of [17] when the results for e^2G_E [Q_7] listed there are restricted to lowest-order CHPT only. Notice that the formula (20) in that reference is only valid for Λ^2 ≫ M^2_A, M^2_V and can only be applied at much higher scales. That approximation partially explains the large scale dependence found below 1.3 GeV in [17]. Λ there corresponds to μ here.

We stress again that the Wilson coefficients in (4.1) and (4.2) are in the X-boson scheme where the matrix-elements can be identified unambiguously.

We can now turn to the ENJL model for the X-boson couplings. These results have a better high-energy behaviour. As mentioned already above, for Q_8 the next-to-leading order in 1/N_c vanishes and the ENJL result thus coincides with eq. (4.1). The result for e^2G_E[Q_7](μ)/C_7(μ) is given in table 1. The numbers should be compared with the lowest order result for e^2G_E [Q_8]^{ENJL} = −5040 C_8(μ) using B^{ENJL}_0 = 2.8 GeV.

μ 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00

e^2 G_E [Q_7 ](μ) C_7(μ) −0.1 −1.5 −6.9 −19.6 −42.5 −77.5 −126 −189 −266 −358

Table 1: The ENJL model results for the contribution from Q_7 to e^2G_E(μ) in the X-boson scheme.

The latter needs to be corrected for the QCD value of B_0(1 GeV) = 1.75 GeV [25] and QCD running. This correction is the one discussed in section 3 in order to identify currents and densities in QCD and in the low-energy model and is unambiguous. The usual assumption on the value of m_s needed shows up in our way in the value of B_0, i.e. the quark condensate in the chiral limit. The relevant quantity is really the value of the quark condensate^4 rather than the value of m_s.

5. Numerical input

The input values we use are

m_t(m_t) = (165 ± 5) GeV ; m_b(m_b) = 4.4 GeV ; m_c(m_c) = 1.23 GeV ; sin^2(θ_W ) = 0.2315 GeV ; M_W = 80.3945 GeV ; M_Z = 91.1872 GeV ;

|V_{us}| = 0.2196 ; |V_{cb}| = 0.040 ± 0.002 ; | | | V_{ub} V_{cb} | | | = 0.090 ± 0.025 . (5.1)

Quark masses are in the MS scheme, M_Z and M_W are pole masses. The electroweak input values have been taken from the review by Sirlin [27], the CKM matrix values from the review by Falk [28].

We will simply take sin(δ) = 1 so that

Im τ = −6.72 · 10^{−4} . (5.2)

In addition we use two sets of values for the strong coupling constant. Set I we choose with the central value of the measurement at the τ-mass, α_S (m_τ ) = 0.345 [29] and set II with the world average value at M_Z , α_S (M_Z ) = 0.1186 [27]. We use exact running with the two-loop beta function, this is what is most closely needed for the running of the Wilson coefficients.

The scale-independent coefficients η̂_{i=1,3} needed for the calculation of ε_K we take from [30], for η̂_1 we interpolate the values given in table 5 of that reference and obtain η̂_1 = 1.93 (Set I) and η̂_1 = 1.53 (set II). The others are η̂_2 = 0.57 and η̂_3 = 0.47.

4In fact, the next-to-leading order CHPT corrections proportional to quark masses are not the ones necessary to change ⟨0|qq|0⟩ into ⟨0|ss|0⟩ [14, 26]. So the matrix element of Q_6 and Q_8 at higher orders are not proportional to the strange quark condensate squared or to the inverse squared strange quark mass via PCAC. Interpreting the value of B_0 in terms of m_s via lowest-order PCAC as done in the usual ε^′_K /ε_K analyses it corresponds to m_s(1 GeV) ≈ 140 MeV.

Figure 3: The real part of G_8 and G_{27} as a function of μ. The experimental value of Re G_8 is about 6.2 and for G_{27} about 0.48. I and II refer to the two values of α_S used and the two curves to two ways of solving the evolution equations as described in the text. In the large-N_c limit both G_{27} and Re G_8 are equal to 1.

In addition we use F_K = 112.7 MeV, B̂_K = 0.77 ± 0.10 [15], F_0 = 87 MeV, B^{QCD}_0 (1 GeV) = 1.75 GeV and the parameters of the ENJL model as determined by the fit in [22].

6. Results for G_8, G_{27} and G_E

We now combine the matrix-elements and the Wilson coefficients in the X-boson scheme to obtain the quantities needed for the ΔI = 1/2 rule and ε^′_K /ε_K.

We use here the input values given above and the two sets of values for α_S , labelled I and II. In order to have some estimate of higher order corrections in α_S we have treated the NLO running of the Wilson coefficients and the transition to the X-boson scheme in two ways which only differ in higher orders in α_S . One where we use the exact solution of the two-loop evolution equations and multiply with the corrections to go from the NDR to the X-boson scheme. This is labelled with mul for multiplicative in the figures. The other option is to only approximately solve the NLO running as a series in α_S. We also include the scheme-correction now additively with the running. This is labelled add in the figures. Other estimates give a similar variation.

For definiteness we also set all the three scales μ_R, μ_C and μ equal to each other. The variation with this assumption for B_K was shown in [15] and is smaller than the difference between the two values of α_S used.

The results relevant for the ΔI =

Figure 4: The real part Re e^2G_E as a function of μ. I and II refer to the two values of α_S used and the two curves for each value of α_S are for the two ways of solving the evolution equations as described in the text. No stability is expected as explained in the text.

1/2 rule are shown in figure 3. For Re G_8 we obtain a reasonable matching and a value which is in reasonable agreement with the experimental value of 6.2. It is dominated by the contributions from Q_1 and Q_2. A large part can be considered as the low-energy Penguins as we have discussed in [14]. For G_{27} we do not have good stability. The ENJL model improves very strongly on just using CHPT for the X-boson couplings as used in the work of the Dortmund group, but it still provides a too strong suppression. The curve labelled I quadratic in figure 3 shows the CHPT approximation for the X-boson couplings. The ENJL improvement is obvious.

As explained above we do not expect stability for the real part of G_E since here long-distance photon corrections to the Q_1 and Q_2 are expected to be important and our approximations only include photonic contributions from shortdistances. Nevertheless we show our result for Re(e^2G_E) in figure 4 for completeness.

The parts multiplying τ of G_8 and e^2G_E are shown in figure 5. Notice that the strong contribution proceeding mainly through Q_6 and dominating Im G_8 is from the gluonic Penguin. The electroweak Penguins contribute via e^2G_E and the contribution is dominated by Q_8. The stability of both results is quite acceptable. These numbers are the input used for ε^′_K below.

7. B-parameters in the NDR scheme

The matrix-elements are usually quoted in terms of the bag-parameters. These are defined as the ratio of the matrix-elements divided by the vacuum-insertion-approximation (VIA) matrix-elements. The latter have no scheme-dependence and so the bag-parameters are also scheme-dependent. From our earlier results the bagparameters can be most easily determined in the X-boson scheme. Afterwards they need to be converted to the more usual NDR-scheme.

The usual definitions as given in e.g. [6, 17] are

B^{(1/2)}_1 (μ) ≡

M_0 [Q_1] A ; B^{(1/2)}_2 (μ) ≡ − 1 5 M_0 [Q_2] A ;

Figure 5: The part of G_8 and e^2G_E multiplying τ as a function of μ. I and II refer to the two values of α_S used and the two curves for each value of α_S are for the two ways of solving the evolution equations as described in the text.

B^{(3/2)}_1 (μ) = B^{(3/2)}_2 (μ) = − √ 2 8 M_2[Q_1] A ; B^{(1/2)}_6 (μ) =

M_0 [Q_6] C ; B^{(1/2)}_7 (μ) = 3

M_0 [Q_7] D ; B^{(3/2)}_7 (μ) = 3 √ 2 M_2 [Q_7] D ; B^{(1/2)}_8 (μ) =

M_0 [Q_8] D ; B^{(3/2)}_8 (μ) = √ 2 M_2 [Q_8] D ; (7.1)

with

M_0 [Q_j ] ≡ ⟨(ππ)_{I=0}|Q_j|K^0⟩ , M_2 [Q_j ] ≡ ⟨(ππ)_{I=2}|Q_j |K^0⟩ (7.2) and A ≡ − √ 3 9 F_0 ( m^2_K − m^2_π ) , C ≡ −16 √ 3 L_5 (M_ρ) ⟨0| q q |0⟩^2(μ) F^5_0 ( m^2_K − m^2_π ) , D ≡ −2 √ 3 ⟨0| q q |0⟩^2(μ) F^3_0

. (7.3)

We have restricted the definition of [6] here to the lowest order in CHPT for consistency. Full expressions away from the chiral limit are in the first reference of [2].

In the large-N_c limit one gets the model independent results [9, 31]

B^{(1/2)}_1 = 3 ; B^{(1/2)}_2 = 6 5 ; B^{(3/2)}_1 = B^{(3/2)}_2 = 3 4 ; B^{(1/2)}_6 = B^{(3/2)}_8 = B^{(1/2)}_8 = 1 ; (7.4) and B^{(3/2)}_7 = B^{(1/2)}_7 = 0 . (7.5) Again these results are valid in the chiral limit. The operators Q_7 and Q_8 are discussed more below.

We normalized the B_7-parameter to the Fierzed part of the vacuum insertion approximation. This definition of the B_7-parameter is the same as used by the lattice community [32], [17] and in [33]. Notice that in some cases terms beyond lowest order are included in their definitions.

To lowest order in CHPT, i.e. O(e^0p^2) or O(e^2p^2) for the weak lagrangian one can rewrite the definitions of eq. (7.1) in the notation used here and in [14] for the matrix-elements:

B^{(1/2)}_{1χ} (μ) = − 3 5 C_1(μ) ( 9 G_8 [Q_1] (μ) + G_{27} [Q_1] (μ) ) ; B^{(1/2)}_{2χ} (μ) = 3 25 C_2(μ) ( 9 G_8 [Q_2] (μ) + G_{27} [Q_2] (μ) ) ; B^{(3/2)}_{1χ} (μ) = B^{(3/2)}_{2χ} (μ) = 3 4 C_1(μ)

G_{27} [Q_1] (μ) ;

B^{(1/2)}_{6χ} (μ) = −

3 F^6_0 80 ⟨0| q q |0⟩^2(μ) L_5(M_ρ)

G_8 [Q_6] (μ) C_6(μ) ; B^{(3/2)}_{7χ} (μ) = B^{(1/2)}_{7χ} (μ) = −

3 F^6_0 5 ⟨0| q q |0⟩^2(μ) e^2 G_E [Q_7] (μ) C_7(μ) ; B^{(3/2)}_{8χ} (μ) = B^{(1/2)}_{8χ} (μ) = −

F^6_0 5 ⟨0| q q |0⟩^2(μ) e^2 G_E [Q_8] (μ) C_8(μ)

. (7.6)

The others can be derived similarly but we have only given the numerically important ones and B^{(3/2)}_7 in order to compare with other work [17, 32, 33, 34]. We have also restricted the VIA matrix-elements to order e^0p^2 and e^2p^0 in order to be consistent with our full calculation.

Notice that even in the X-boson scheme the values of B^{(1/2)}_6 , B^{(I)}_7 and B^{(I)}_8 depend on the value of α_S because of the running of B_0(μ). The leading order in 1/N_c running of the Wilson coefficients C_6(μ) and C_8(μ) is exactly cancelled by the scale dependence of the matrix elements for Q_6 and Q_8 calculated at the same order [31]. The bag-parameters B_6(μ) and B_8(μ) run in the same way with B_0(μ).

The large N_c result for the Q_7 operator is O(e^2p^2) in CHPT and thus vanishes in the chiral limit. The lowest e^2p^0 order and numerically larger contribution is NLO in 1/N_c and survives in the chiral limit. This operator together with Q_8 have been studied by several groups and techniques and deserves special attention and will studied within the present approach in [24].

The numerical results for the bag-parameters in the X-boson scheme can be easily derived using the results from section 4 and ref. [14], in the case of lowestorder CHPT couplings of the X-bosons using eqs. (4.1) and (4.2) and ref. [14, eqs. (5.2) and (5.17)]. In the case of the ENJL model couplings for the X-bosons one needs to use eq. (4.1), table 1 and ref. [14, tables 1, 2 and 3]. Notice that B^{(I)X}_{8χ} = 1 in the X-boson scheme even at NLO in 1/N_c while B^{(1/2)X}_{6χ} = 2.2 ± 0.5 [26].

Figure 6: The bag parameters in the NDR scheme for the two values of α_S we use. B^{(1/2)NDR}

1χ has been divided by 3 to make it fit better in the plot. Notice the large values for B^{(1/2)NDR}

1χ and B^{(1/2)NDR}

2χ responsible for the ΔI = 1/2 rule and the large value for B^{(1/2)NDR}

6χ which is the reason for our large value of ε^′_K /ε_K .

In order to get to the NDR-scheme we multiply with the combination r_{ij} − r̃_{ij} discussed in section 3 via

B^{(I)NDR} i = 1 ⟨Q_i⟩^I_{VIA} ∑ j [ δ_{ij} − α_S (μ) π (r_{ij} − r̃_{ij}) − α π ( r^e_{ij} − r̃^e_{ij} ) ] B^{(I)X}_j ⟨Q_j⟩^I_{VIA} . (7.7)

The B^{(I)X}_j -parameters are in the X-boson scheme. We show the resulting numerical results for the inputs given earlier in figure 6. Notice the large values for B^{(1/2)NDR}_{1χ} and B^{(1/2)NDR}

2χ responsible for the ΔI = 1/2 rule and the large value for B^{(1/2)NDR}_{6χ} which is the reason for our large value of ε^′_K /ε_K while B^{(3/2)NDR}_{8χ} shows no such large enhancement. Notice though that we get B^{(3/2)NDR}_{8χ} (μ) ≈ 1.4 ± 0.2 for μ between 0.6 GeV and 1 GeV which is around 30% to 40% larger than most other analysises.

In the NDR scheme and in the chiral limit we get B^{(3/2)NDR}_{7χ} (μ) ≈ 0.3 ± 0.2 for scales μ between 0.6 GeV and 1 GeV.

In order to compare with previous work from other groups we now use the renormalization group to run these B-factors to 2 GeV and obtain the results shown in figure 7. Here we can see that the result for G_8 which contains a sum of contributions with B_1 and B_2 will probably be quite stable but G_{27} which contains a difference will be very unstable since it is a difference between large numbers. This is of course precisely what we observed above.

Figure 7: The bag parameters in the NDR scheme for the two values of α_S we use at a scale of μ = 2 GeV. B^{(1/2)NDR}_{1χ} has been divided by 2 to make it fit better in the plot. We have used our matrix-elements at μ^′ and then run to μ = 2 GeV.

Method B^{(1/2)NDR}

6 (2 GeV) B^{(3/2)NDR}_7 (2 GeV) B^{(3/2)NDR}_8 (2 GeV)

This work [χ limit] 2.5 ± 0.4 0.8 ± 0.1 1.35 ± 0.20

LMD [17] – 0.94 –

Dispersive [33] – 0.78 ± 0.17 1.6 ± 0.4

QCD sum rules [34] 2.99 ± 0.34 0.7 ± 0.2 1.70 ± 0.39

CHPT large N_c [13] 1.5 ∼ 1.7 −0.1 ∼ 0.09 0.4 ∼ 0.7

Lattice [32] – 0.5 ∼ 0.8 0.7 ∼ 1.1

Chiral QM [18] 1.2 ∼ 1.7 ∼ 0.9 ∼ 0.9

Table 2: Results for B^{(1/2)NDR}_6 , B^{(3/2)NDR}_7 and B^{(3/2)NDR}_8 at a scale of 2 GeV. The value m_s(2 GeV) = (119 ± 12) MeV was used in [34] and for rescaling the results in [17, 33].

We can now compare the other bag-parameters with previous work. Notice that in some cases the numbers also include chiral corrections. We have used the values quoted in ref. [34] to have them all at the same basis, since all of them are rather sensitive to the value of the quark condensate used, or alternatively to the value of m_s. Notice that all the analytical approaches that have control of the μ-dependence and have models/data that describe hadronic interactions in the intermediate scales agree well with each other for B^{(3/2)NDR}_7 and B^{(3/2)NDR}_8 . The two recent calculations of B^{(1/2)NDR}

6 are also in good agreement.

8. Results for ε_K and ε^′_K to lowest order

The indirect CP-violation as described by ε_K , defined by eq. (1.2), can be rewritten to first order in CP-violating parameters, using the ΔI = 1/2 rule and with Re a_0 ≫ ε_K Im a_0, to a very good approximation as ε_K ≃ e^{iπ/4} √ 2 ( Im M_{12} Δm_K + Im a_0 Re a_0 ) , M_{12} =

G^2_F 6 π^2

F^2_K B̂_K m_K M^2_W [ (λ^∗_c )^2 η̂_1 S(x_c) + (λ^∗_t )^2 η̂_2 S(x_t) +

+ 2 λ^∗_c λ^∗_t η̂_3 S (x_c, x_t) ] . (8.1)

Putting^5 in the central numerical values of section 5, sin(δ) = 1, Re G_8 = 6.2 and G_{27} = 0.48 we obtain with e^2G_E and Im G_8 calculated in section 6

|ε_K | = (2.40 − 0.34) · 10^{−3} = 2.06 · 10^{−3} Set I;

|ε_K | = (2.49 − 0.28) · 10^{−3} = 2.21 · 10^{−3} Set II (8.2)

at a value of μ = 0.75 GeV. The μ-dependence is very mild. The first (second) number in brackets is the first (second) term in eq. (8.1). The main difference is in the value of η̂_1. The effect from the second term which is more dependent on the quantities calculated here, is small.

Given the uncertainty on B̂_K and the other input parameters this result agrees well with the experimental value

ε^{exp}_K = e^{iΦεK} (2.280 ± 0.013) · 10^{−3} (8.3)

with Φ_{εK} = (43.49 ± 0.08)^0. For definiteness we will below use the value of eq. (8.3) for our numerical estimates of ε^′_K /ε_K .

Using the same inputs we can now calculate ε^′_K from its definition eq. (1.3). To first order in CP-violating parameters, using the ΔI = 1/2 rule and with Re a_0 ≫ ε_K Im a_0, we can use to a very good approximation ε^′_K ≃ 1 √ 2 Re a_2 Re a_0 ( − Im a_0 Re a_0 + Im a_2 Re a_2 ) e^{iΦε′}K . (8.4) With Φ_ε′_K = π/2 + δ_2 − δ_0 = (45.8 ± 3.1)^o [35] the strong phase. | | |ε^{′K} ε_K | | | = (9.2 − 2.5) · 10^{−3} = 6.7 · 10^{−3} Set I , | | | | ε^′_K ε_K | | | | = (7.4 − 1.9) · 10^{−3} = 5.5 · 10^{−3} Set II (8.5)

5We use the experimental value of G_{27} to avoid the large μ-dependence seen in our calculation of that quantity. All other quantities were more stable as seen in section 6. In our earlier work on electromagnetic effects and as shown here for G_8, whenever we had stability we agreed within errors with experiment.

Figure 8: Our result for ε^′_K /ε_K in the chiral limit using the experimental values of ε_K and the inputs as described in the text. I and II refer to the two values of α_S used and the two curves to two ways of solving the evolution equations as described in the text.

at a value of μ = 0.75 GeV. The first (second) number in brackets is the first (second) term in eq. (8.4). The first number is dominated by Q_6 and is usually called the strong Penguin contribution. The second one is from the contribution of Q_7 to Q_{10} and is dominated by Q_8 and is usually called the electroweak Penguin contribution.

We have also shown the μ-dependence of the final result for the two values of α_S and the two ways of NLO resumming used in figure 8. The predictions are quite stable, partly due to the fact that we fully calculate all contributions in the same way.

Our final prediction to lowest order in CHPT is | | | ε^′_K ε_K | | |_{O(p2)} = (6 ± 3) · 10^{−3} . (8.6)

We used the experimental value of ε_K in the above numbers but using the values we calculated would not change any results dramatically.

The error we quoted there rest on several things, the matrix-elements of Q_6 and Q_8 depend directly on B^2_0 (1 GeV), this does not affect the relative size of Q_6 and Q_8 but does affect the overall value in addition to the typical 30% or so we expect our method to have; we did not include any uncertainties in CKM matrix elements and as discussed below, there are several more effects which we did not include yet.

9. Discussion and corrections

Our number is significantly higher than any others discussed in the recent literature [4]. The strong Penguin in our case is enhanced in two ways compared to the usual treatment. First the scheme where the transitions to models can be made must be taken into account. This provides a first enhancement. Then in the X-boson scheme and in the chiral limit the B_6-parameter takes a value of B^X_{6χ} ≈ 2.2 ± 0.5 [26] and B^X_{8χ} = 1 at next-to-leading order in 1/N_c. Putting it together with the first effect leads to B^{NDR}_{6χ} (μ) ≈ 2.8±0.6 in the chiral limit for scales between 0.6 GeV and 1 GeV as discussed above. We do not see any similar enhancement for B^{NDR}_{8χ} (μ) ≈ 1.4 ± 0.2, so the usual strong cancellation between the strong and electroweak Penguins is much weaker in our calculation. A last reason is that we treat both the real and imaginary part at the same order, not as is usually done by treating the real part to all orders using experiment and the imaginary part to lowest order.

To the value above one has to add higher order CHPT corrections which are proportional to pion and Kaon masses. These are of three types, namely:

(1) final state interactions (FSI) from π − π interactions

(2) CHPT corrections which are purely real, they are due to ΔS = 1 higher order terms in the lagrangian and real loop-diagrams;

(3) isospin breaking corrections due to quark masses, usually estimated by π_0 − η mixing, and electromagnetic corrections.

FSI have recently been considered in ref. [36] and later also in [37]. The main point of [36] is that both the real and the imaginary part of the amplitudes should be treated in the same way leading to a significant enhancement over the usual estimates. We already treat the imaginary and the real parts in eq. (8.4) in the same way so the main effect of FSI is in changing the ratio Re a_0/ Re a_2 from about 16.2 to 22.2. Including only FSI to all orders then changes eq. (8.5) to | | | | ε^′_K ε_K | | | | = (6.8 − 1.8) · 10^{−3} = 5.0 · 10^{−3} Set I , | | | | ε^′_K ε_K | | | | = (5.4 − 1.4) · 10^{−3} = 4.0 · 10^{−3} Set II (9.1)

Isospin breaking effects due to the π^0 − η mixing to O(p^4) have been calculated in ref. [38] and references therein. This effect adds a contribution to Im a_2 which is parameterized usually as

[Im a_2]_{IB} Re a_2

= Ω_{IB}

Im a_0 Re a_0

. (9.2)

Using the value Ω_{IB} = 0.16 ± 0.03 [38] one gets | | | | ε^′_K ε_K | | | | = (6.8 − 2.9) · 10^{−3} = 3.9 · 10^{−3} Set I , | | | | ε^′_K ε_K | | | | = (5.4 − 2.3) · 10^{−3} = 3.1 · 10^{−3} Set II (9.3)

Corrections of type (2) have been fitted to O(p^4) in [39] and calculated to the same order in [18] but disentangling this from their FSI effects is not obvious. Notice that in [18] the enhancement found for B_6 is from this source and not from the one discussed here.

Isospin breaking corrections beyond mixing have been discussed recently as well, see [40], but their full estimate is not done at the present stage. Our approach allows to include them in a more systematic fashion and this will be done in the future.

Given the uncertainties on the CKM matrix-elements which we did not include and the uncertainties on the hadronic matrix elements which we still face, a reasonable guess at the final result is | | |ε^{′K} ε_K | | | = (3.4 ± 1.8) · 10^{−3} . (9.4)

This result is somewhat above the present world average [1] | | | ε^′_K ε_K | | | exp = (1.92 ± 0.46) · 10^{−3} (9.5)

but quite compatible with it.

In conclusion we have calculated the chiral limit prediction for ε^′_K /ε_K in a consistent fashion using the 1/N_c expansion and the X-boson method. The result is substantially larger than most other estimates. After including the two largest expected corrections we obtain a result in acceptable agreement with the experiment.

Acknowledgments

This work has been partially supported by the Swedish Science Foundation. The work of J.P. was supported in part by CICYT (Spain) and by Junta de Andalucía under Grants Nos. AEN-96/1672 and FQM-101, respectively. J.P. thanks Matthias Jamin for correspondence on the singularity cancellations in the Wilson coefficients and discussions with Toni Pich. He also likes to thank the Department of Theoretical Physics at Lund University (Sweden) where part of his work was done for hospitality. We thank Elisabetta Pallante for participation in the early stages of this work.

A. Scheme dependence

The matching conditions of eq. (3.5) between the effective lagrangian action (3.1) and the effective X-boson (3.3) in section 3 include two ten by ten matrices. The explicit calculation gives for the gluonic corrections r − r̃ = 1 4 × (A.1)

×

11 2N_c −11 2 0 0 0 0 0 0 0 0 −11 2 11 2N_c 0 0 0 0 0 0 0 0

0^{−7}_{18Nc}^{85}_{18Nc} −^{99Nc+n}_{18Nc} 0^{4n}_{9Nc} 0^{4ñ}_{9Nc}^7_{18Nc} −^ñ_{18Nc}

0^7_{18}^{85}_{18}^{99+nNc}_{18Nc} 0 −^{4n}_9 0 −^{4ñ}_9 −^7_{18}^ñ_{18}

0 −^7_{18Nc} −^7_{9Nc} −^n_{18Nc}^1_{2Nc}^{−27Nc+4n}_{9Nc} 0^{4ñ}_{9Nc}^7_{18Nc} −^ñ_{18Nc}

0^7_{18}^7_9^n_{18} −^1_2^{27−4nNc}_{9Nc} + 5C_F 0 −^{4ñ}_9 −^7_{18}^ñ_{18}

0 0 0 0 0 0^1_{2Nc} −3 0 0

0 0 0 0 0 0 −^1_2^3_{Nc} + 5C_F 0 0

0 0 0 0 0 0 0 0^{11}_{2Nc} −^{11}_2

0 0 0 0 0 0 0 0 −^{11}_2^{11}_{2Nc}

with

C_F =

N^2_c − 1 2 N_c . (A.2)

The photonic corrections are

r^e − r̃^e = 1 4 × (A.3)

×

22 9 0 0 0 0 0 0 0 0 0

0^{22}_9 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0^{11}_9 0

0 0 0 0 0 0 0 0 0^{11}_9

0 0 0 0 0 0^1_9 0 0 0

0 0 0 0 0 0 0^1_9 0 0 4N_c 81 28 81 −28−20ñN_c 81 −4N_c+4ñ 81 18−20ñN_c 81 −32ñ 81 9−20nN_c 81 −32n 81 14−20nN_c 81 2N_c+4n 81 0 0 0 0 0^2_9 0^1_9 0 0 4N_c 81 28 81 22 9 −4N_c+4ñ 81 −20ñN_c 81 −32ñ 81 −20ñN_c 81 −32n 81 113−20nN_c 81 2N_c+4n 81 0 0^{−28−20Ncn}_{81}^{22}_9 0 0 0 0 0^{11}_9

with n = n_u + n_d ; ñ = n_u − n_d 2 and n = n_u + n_d 4 (A.4)

and n_u the number of up-like light-quarks and n_d the number of down-like lightquarks.

References

[1] KTeV collaboration, Observation of direct CP-violation in K_{S,L} → ππ decays, Phys.

Rev. Lett. 83 (1999) 22 [hep-ex/9905060]; E. Blucher, ε^′/ε results from KTeV, hep-ex/0001042;

NA48 collaboration, A new measurement of direct CP-violation in two pion decays of the neutral kaon, Phys. Lett. B 465 (1999) 335 [hep-ex/9909022]; Results on direct CP-violation from NA48, hep-ex/9912042;

A. Ceccucci (NA48 collaboration), CERN Seminar February 29th 2000,

http://www.cern.ch/NA48.

[2] A. Buras, M. Jamin and M.E. Lautenbacher, The anatomy of ε^′/ε beyond leading logarithms with improved hadronic matrix elements, Nucl. Phys. B 408 (1993) 209 [hep-ph/9303284];

M. Ciuchini, E. Franco, G. Martinelli, L. Reina and L. Silvestrini, An upgraded analysis of epsilon-prime epsilon at the next-to-leading order, Z. Physik C 68 (1995) 239 [hep-ph/9501265].

[3] G. Buchalla, A.J. Buras and M.E. Lautenbacher, Weak decays beyond leading logarithms, Rev. Mod. Phys. 68 (1996) 1125 [hep-ph/9512380].

[4] S. Bosch, A.J. Buras, M. Gorbahn, S. Jäger, M. Jamin, M.E. Lautenbacher and L. Silvestrini, Standard model confronting new results for ε^′/ε, Nucl. Phys. B 565 (2000) 3 [hep-ph/9904408].

[5] S. Bertolini, M. Fabbrichesi and J.O. Eeg, Estimating ε^′/ε: a review, Rev. Mod. Phys.

72 (2000) 65 [hep-ph/9802405].

[6] A.J. Buras, Weak hamiltonian, CP-violation and rare decays, in Probing the standard model of particle interactions, Les Houches Lectures 1997, F. David and R. Gupta eds., Elsevier Science, 1999 [hep-ph/9806471].

[7] M.K. Gaillard and B.W. Lee, ΔI = 1/2 rule for nonleptonic decays in asymptotically free field theories, Phys. Rev. Lett. 33 (1974) 108;

G. Altarelli and L. Maiani, Octet enhancement of nonleptonic weak interactions in asymptotically free gauge theories, Phys. Lett. B 52 (1974) 351;

A.I. Vainshtein, V.I. Zakharov and M.A. Shifman, A possible mechanism for the ΔT = 1/2 rule in nonleptonic decays of strange particles, Sov. Phys. JETP Lett. 22 (1975) 55; F.J. Gilman and M.B. Wise, Effective hamiltonian for ΔS = 1 weak nonleptonic decays in the six quark model, Phys. Rev. D 20 (1979) 2392;

B. Guberina and R.D. Peccei, Quantum chromodynamic effects and CP-violation in the Kobayashi-Maskawa model, Nucl. Phys. B 163 (1980) 289;

J. Bijnens and M.B. Wise, Electromagnetic contribution to ε^′/ε, Phys. Lett. B 137 (1984) 245;

M. Lusignoli, Electromagnetic corrections to the effective hamiltonian for strangeness changing decays and ε^′/ε, Nucl. Phys. B 325 (1989) 33;

J.M. Flynn and L. Randall, The electromagnetic penguin contribution to ε^′/ε for large top quark mass, Phys. Lett. B 224 (1989) 221.

[8] A.J. Buras and P.H. Weisz, QCD nonleading corrections to weak decays in dimensional regularization and’t Hooft-Veltman schemes, Nucl. Phys. B 333 (1990) 66; A.J. Buras, M. Jamin, E. Lautenbacher and P.H. Weisz, Effective hamiltonians for ΔS = 1 and ΔB = 1 nonleptonic decays beyond the leading logarithmic approximation, Nucl. Phys. B 370 (1992) 69;

A.J. Buras, M. Jamin and M.E. Lautenbacher, Two loop anomalous dimension matrix for ΔS = 1 weak nonleptonic decays, 2. O(α_eα_s), Nucl. Phys. B 400 (1993) 75 [hep-ph/9211321];

A.J. Buras, M. Jamin, M.E. Lautenbacher and P.H. Weisz, Two loop anomalous dimension matrix for ΔS = 1 weak nonleptonic decays, 1. O(α^2_s), Nucl. Phys. B 400 (1993) 37 [hep-ph/9211304];

M. Ciuchini, E. Franco, G. Martinelli and L. Reina, The ΔS = 1 effective hamiltonian including next-to-leading order QCD and QED corrections, Nucl. Phys. B 415 (1994) 403 [hep-ph/9304257].

[9] W.A. Bardeen, A.J. Buras and J.M. Gérard, A consistent analysis of the ΔI = 1/2 rule for K decays, Phys. Lett. B 192 (1987) 138; The K → ππ decays in the large-N limit: quark evolution, Nucl. Phys. B 293 (1987) 787.

[10] L. Lellouch and M. Lüscher, Weak transition matrix elements from finite-volume correlation functions, hep-lat/0003023.

[11] W.A. Bardeen, J. Bijnens and J.M. Gérard, Hadronic matrix elements and the π^+π^0 mass difference, Phys. Rev. Lett. 62 (1989) 1343;

J. Bijnens, J.M. Gérard and G. Klein, The K_L–K_S mass difference, Phys. Lett. B 257 (1991) 191;

J.P. Fatelo and J.M. Gérard, Current-current operator evolution in the chiral limit, Phys. Lett. B 347 (1995) 136.

[12] J. Bijnens and J. Prades, B_K and explicit chiral symmetry breaking, Phys. Lett. B 342 (1995) 331 [hep-ph/9409255]; The B_K parameter in the 1/N_c expansion, Nucl. Phys. B 444 (1995) 523 [hep-ph/9502363].

[13] T. Hambye, G.O. Köhler, E.A. Paschos, P.H. Soldan and W.A. Bardeen, 1/N_c corrections to the hadronic matrix elements of Q_6 and Q_8 in K → ππ decays, Phys. Rev. D 58 (1998) 014017 [hep-ph/9802300];

T. Hambye, G.O. Köhler and P.H. Soldan, New analysis of the ΔI = 1/2 rule in kaon decays and the B̂_K parameter, Eur. Phys. J. C 10 (1999) 271 [hep-ph/9902334]; T. Hambye, G.O. Köhler, E.A. Paschos and P.H. Soldan, Analysis of ε^′/ε in the 1/N_c expansion, Nucl. Phys. B 564 (2000) 391 [hep-ph/9906434].

[14] J. Bijnens and J. Prades, The ΔI = 1/2 rule in the chiral limit, J. High Energy Phys.

01 (1999) 023 [hep-ph/9811472].

[15] J. Bijnens and J. Prades, Scheme dependence of weak matrix elements in the 1/N_c expansion, J. High Energy Phys. 01 (2000) 002 [hep-ph/9911392].

[16] J. Bijnens, E. Pallante and J. Prades, Obtaining K → ππ from off-shell K → π amplitudes, Nucl. Phys. B 521 (1998) 305 [hep-ph/9801326].

[17] M. Knecht, S. Peris and E. de Rafael, Matrix elements of electroweak penguin operators in the 1/N_c expansion, Phys. Lett. B 457 (1999) 227 [hep-ph/9812471].

[18] V. Antonelli, S. Bertolini, J.O. Eeg, M. Fabbrichesi and E.I. Lashin, The Δs = 1 weak chiral lagrangian as the effective theory of the chiral quark model, Nucl. Phys. B 469 (1996) 143 [hep-ph/9511255];

V. Antonelli, S. Bertolini, M. Fabbrichesi and E.I. Lashin, The ΔI = 1/2 selection rule, Nucl. Phys. B 469 (1996) 181 [hep-ph/9511341];

S. Bertolini, J.O. Eeg and M. Fabbrichesi, A new estimate of ε^′/ε, Nucl. Phys. B 476 (1996) 225 [hep-ph/9512356];

S. Bertolini, J.O. Eeg, M. Fabbrichesi and E.I. Lashin, ε^′/ε at O(p^4) in the chiral expansion, Nucl. Phys. B 514 (1998) 93 [hep-ph/9706260];

S. Bertolini, J.O. Eeg and M. Fabbrichesi, An updated analysis of ε^′/ε in the standard model with hadronic matrix elements from the chiral quark model, hep-ph/0002234.

[19] M. Jamin and A. Pich, QCD corrections to inclusive ΔS = 1, 2 transitions at the next-to-leading order, Nucl. Phys. B 425 (1994) 15 [hep-ph/9402363]; last reference in [41] and references therein.

[20] A. Duncan, E. Eichten and H. Thacker, Electromagnetic splittings and light quark masses in lattice QCD, Phys. Rev. Lett. 76 (1996) 3894 [hep-lat/9602005].

[21] A. Pich, Effective field theory, in Probing the standard model of particle interactions, Les Houches Lectures 1997, F. David and R. Gupta eds., Elsevier Science, 1999 [hep-ph/9806303].

[22] J. Bijnens, C. Bruno and E. de Rafael, Nambu-Jona-Lasinio like models and the lowenergy effective action of QCD, Nucl. Phys. B 390 (1993) 501 [hep-ph/9206236]; J. Bijnens, Chiral lagrangians and Nambu-Jona-Lasinio like models, Phys. Rep. 265 (1996) 369 [hep-ph/9502335].

[23] J. Bijnens, E. de Rafael and H. Qing Zheng, Low-energy behavior of two point functions of quark currents, Z. Physik C 62 (1994) 437 [hep-ph/9306323]; J. Bijnens and J. Prades, 2 and 3 point functions in the ENJL model, Nucl. Phys. 39BC (Proc. Suppl.) (1995) 245 [hep-ph/9409231].

[24] J. Bijnens, E. Gámiz and J. Prades, work in progress.

[25] J. Bijnens, J. Prades and E. de Rafael, Light quark masses in QCD, Phys. Lett. B 348 (1995) 226 [hep-ph/9411285].

[26] J. Prades, The ΔI = 1/2 rule for kaons, Nucl. Phys. 86 (Proc. Suppl.) (2000) 294 [hep-ph/9909245];

J. Bijnens, The ΔI = 1/2 rule and other matrix elements, hep-ph/9910263; Models of low energy effective theory applied to kaon non-leptonic decays and other matrix elements, hep-ph/9910415; Progress in K → ππ decays, Nucl. Phys. A 663 (2000) 927 [hep-ph/9907307].

[27] A. Sirlin, Ten years of precision electroweak physics, hep-ph/9912227.

[28] A.F. Falk, B decays, the unitarity triangle and the universe, hep-ph/9908520.

[29] A. Pich, Tau physics, hep-ph/9912294.

[30] S. Herrlich and U. Nierste, The complete |ΔS| = 2 hamiltonian in the next-to-leading order, Nucl. Phys. B 476 (1996) 27 [hep-ph/9604330].

[31] A.J. Buras and J.M. Gérard, Isospin breaking contributions to epsilon-prime/epsilon, Phys. Lett. B 192 (1987) 156;

E. de Rafael, Introduction to weak decays and QCD: short distance corrections, Nucl. Phys. 7A (Proc. Suppl.) (1989) 1.

[32] L. Lellouch, D.-J. Lin and UKQCD collaboration, ΔS = 2 and ΔI = 3/2 matrix elements in quenched QCD, Nucl. Phys. 73 (Proc. Suppl.) (1999) 312 [hep-lat/9809142]; C.R. Allton, L. Conti, A. Donini, V. Giménez, L. Giusti, G. Martinelli, M. Talevi and A. Vladikas, B-parameters for ΔS = 2 supersymmetric operators, Phys. Lett. B 453 (1999) 30 [hep-lat/9806016];

L. Conti, A. Donini, V. Giménez, G. Martinelli, M. Talevi and A. Vladikas, Lattice B-parameters for ΔS = 2 and ΔI = 3/2 operators, Phys. Lett. B 421 (1998) 273 [hep-lat/9711053].

[33] J.F. Donoghue and E. Golowich, Dispersive calculation of B^{3/2}_7 and B^{3/2}_8 in the chiral limit, Phys. Lett. B 478 (2000) 172 [hep-ph/9911309].

[34] S. Narison, New QCD-estimate of the kaon penguin matrix elements and ε^′/ε,

hep-ph/0004247.

[35] B. Ananthanarayan, G. Colangelo, J. Gasser and H. Leutwyler, Roy equations analysis of ππ scattering, hep-ph/0005297.

[36] E. Pallante and A. Pich, Strong enhancement of ε^′/ε through final state interactions, Phys. Rev. Lett. 84 (2000) 2568 [hep-ph/9911233].

[37] A.J. Buras, M. Ciuchini, E. Franco, G. Isidori, G. Martinelli and L. Silvestrini, Final state interactions and ε^′/ε: a critical look, Phys. Lett. B 480 (2000) 80 [hep-ph/0002116];

E.A. Paschos, Rescattering effects for (ε^′/ε), hep-ph/9912230.

[38] G. Ecker, G. Müller, H. Neufeld and A. Pich, π^0-η mixing and CP-violation, Phys.

Lett. B 477 (2000) 88 [hep-ph/9912264].

[39] J. Kambor, J. Missimer and D. Wyler, K → 2π and K → 3π decays in next-to-leading order chiral perturbation theory, Phys. Lett. B 261 (1991) 496.

[40] S. Gardner and G. Valencia, Additional isospin-breaking effects in ε^′/ε, Phys. Lett. B 466 (1999) 355 [hep-ph/9909202];

V. Cirigliano, J.F. Donoghue and E. Golowich, Electromagnetic corrections to K → ππ, 1. Chiral perturbation theory, Phys. Rev. D 61 (2000) 093001 [hep-ph/9907341]; Electromagnetic corrections to K → ππ, 2. Dispersive matching, Phys. Rev. D 61 (2000) 093002 [hep-ph/9909473];

C.E. Wolfe and K. Maltman, Strong isospin-breaking effects on the ΔI = 3/2 amplitude in K → 2π at next-to-leading order in the chiral expansion, Phys. Lett. B 482 (2000) 77 [hep-ph/9912254].

[41] A. Pich and E. de Rafael, Weak K-amplitudes in the chiral and 1/N_c-expansions, Phys.

Lett. B 374 (1996) 186 [hep-ph/9511465]; Four quark operators and nonleptonic weak transitions, Nucl. Phys. B 358 (1991) 311.